Graphs

Definition: Graph

A graph G = (V(G), E (G)) consists of V, a non-empty set of vertices (nodes or points) and E, a set of

edges (also called lines).

i.e., A graph G is an ordered triple (V (G), E (G), ¢) consists of a non-empty set V called the set of
vertices (nodes or points) of the graph G, E is said to be the set of edges of the graph G, and is a mapping

from the set of edges E to a set of order or un ordered pairs of elements of V.
Example :

Let G = (V (G), E (G), ¢) where V (G)= {vi1, v2, v3, v4} E (G)=(el, e2, e3, e4, e5) and ¢ is defined by ¢ (e1)
= {v1, v2}, ¢ (e2) = {v2, v3}, ¢ (e3) = {v3, v4}, & (e4) = {v4, vi}, ¢ (e5) = {v1, v3}

Now the diagramatic form of G is

1 Va vy B, 8, £,

(=]
°4 3 of N @ v
E‘z W 4 V.
: = § ' E
F 1
et L —— E
Va a v e 2
"1".: E3 ',.ra - 3 3 5 'E':!

It should be noted that, in drawing a graph, it is immaterial whether the edges are drawn straight or

curved, long or short, the important point is how the vertices are joined up.
The above graphs are same.

Note: 1. We denote the graph G as G (V, E) or simply as G.

2. If e € E is an edge and ¢ (e) = {vi, v2}, then we say that e is an edge joining vi and v2, and the vertices

vi and v2 are called the ends (end vertices) of e.

3. If graphs, an edge should not pass through any points (vertices) other than the two end vertices of the
edge.
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Definition: Adjacent vertices

Any pair of vertices which are connected by an edge in a graph is called adjacent vertices.

W Vg

Here vi, v2; v2, v4; v2, v3 are adjacent vertices
Vi, V3, V3, v4, vi v4 are not adjacent.
Definition: Adjacent edges:

If two distinct edges are incident with a common vertex then they are called adjacent edges.

.
Vs e, Va

Here e and e: are incident with a common vertex v».
Definition: Isolated vertex

In any graph, a vertex which is not adjacent to any other vertex is called an isolated vertex. Otherwise the

vertex has no incident edge.
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Here vs3 has no incident edge. Therefore the vertex vs is called isolated vertex.

Note :

1. A graph with p vertices and q edges is called a (p, q) graph.

2. The graph (p, 0) is trivial or null graph.

3. If any two edges are intersected then their intersection is not considered as a vertex.
4. The set of edges in a null graph is empty.

Definition: Label graph

A graph in which each vertex is assigned a unique name or label is called a label graph.
Definition: Directed graph and undirected graph

In a graph G (V, E), an edge which is associated with an ordered pair of vertices is called a directed edge
of graph G, while an edge which is associated with an unordered pair of vertices is called an undirected

edge.
A graph in which every edge is directed is called a directed graph simply a digraph.
A graph in which every edge is undirected is called an undirected graph.

The end vertices of an edge are said to be incident with the edge and vice versa.
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Directed graph Undirected graph

Wy ¥

The edge e is incident with the vertices vi and v2 also the vertex vi is incident with er and es.

The vertices v1 and v2 are also called the initial and terminal vertices of the edge e1.
Definition: Mixed graph
If some edges are directed and some are undirected in a graph, then the graph is a mixed graph.

Vy

23

Vs > Vs
s

Definition: Loop

A loop is an edge whose vertices are equal.

i.e., An edge of a graph which joins a vertex to itself is called a loop.
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Definition: Parallel edges (Multiple edges)

Multiple edges are edges having the same pair of vertices.

v
s 2

Definition: Multi graph

Any graph which contains some parallel edges and loops is called as multi graph.

V2

Definition: Simple graph

A simple graph is a graph having no loops or multiple edges.
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Definition: Simple directed graph

When a directed graph has no loops and has no multiple directed edges, it is called a simple directed

graph.
By
Vy > Va2
€q e,
V3

Definition: Underlying simple graph
A graph obtained by deleting all loops and parallel edges from a graph is called underlying simple graph.

Vi

V2
Va Vg

Va Va

Mulugraph G Underlying simple graph of G.

Definition : Finite graph
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A graph G is finite if and only if both the vertex set V(G) and the edge set E (G) are finite, otherwise the

graph is infinite.

Example : Let V(G) =Z and E (G) = {eij / |i-j| = 1} clearly, the graph G is infinite.
Note: Hereafter, a graph means that is a finite graph unless otherwise stated.
Definition: Multiplicity m.

When there are m directed edges, each associated to an ordered pair of vertices (1, v), we say that (u, v) is

an edge of multiplicity m.
Definition: Weighted graph

A graph in which weights are assigned to every edge is called a weighted graph.

v, Va

4 Vs

here 1, 2, 3, 4, 5 are weights assigned to each edge respectively.

Note :

If the graph G is finite, |V| denotes the number of vertices of G known as order of G and |E| denotes the

number of edges of G, known as size of G,
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For this graph |V| =6; |[E[=9
Definition: Underlying undirected graph

A graph obtained by ignoring the direction of edges in a directed graph is called underlying undirected
graph.

Diagraph G underfying
Vs Vs undirected graph of G

Definition Pseudographs :

Graphs that may include loops, and possibly multiple edges connecting the same pair of vertices, are

sometimes called Pseudographs.
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Va
Vg Vs
| Multiple =t
S.No. Type Edges Edges ps
1. | Simple graph | Undirected No No
2. Multigraph Undirected Yes No
3. | Pseudograph | Undirected Yes Yes
4, Simple Directed | No No
directed graph
- - Directed Directed Yes Yes
multigraph
6. | Mixed graph | Directed and Yes Yes
undirected

Example 1. What type of graph the following are
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a b
(@) ()
d
c d y
Ans. Simple graph Ans. Multi graph
8. . b .
(c) (d) |
N
¢ d
Ans. Pseudo graph Ans. Simple directed graph
a b
(©) ® |
e
lc d
Ans. Directed multi graph Ans. Mixed graph

Example 2. The diagram shows a multigraph G, Why G is not a simple graph ?

Vy

31 VE
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Solution: G is not a simple graph since it contains multiple edges e, es also a loop e7.

Example 3. Describe formally the graph given below :

Vg

Vs EE

Solution : G = (V,E)

V = {vi1, v2, v3, v4}

E = {el, e2, e3, e4, e5}

E (a) = {(vi, v2), (v2, v3), (v3, v4), (v1, v3), (v2, v4)}
Example 4. Draw a diagram for the following graph
G =G(V.E)

V= {v1, v2, v3, v4}

E={(vi, v2), (v4, vi), (v3, vi), (v3, v4)}

Solution :
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Example 5. Let G be a simple graph. Show that the relation R on the set of vertices of G such that uRv if

and only if there is an edge associated to {u, v} is a symmetric, irreflexive relation on G.

Solution :
I s ®
u v

Given: "G is a simple graph, R is a relation to (u, v)

(1) To prove symmetric

i.e., to prove uRv = vRu

Ifu R v, then there is an edge associated with {u, v}

But {u,v} = {v, u} so this edge is associated with {v, u}

=vRu

(i1) To prove irreflexive :

A simple graph doesnot allow loops,

u R u never holds.

Irreflexive.

M.NAGA SRAVANI, ASSISTANT PROFESSOR



Graph Terminology and Special Types of Graphs

Definition: Two vertices u and v in an undirected graph G are called adjacent (or neighbors) in G if u, v

are endpoints of an edge of G.

If e is associated with (u, v), the edge e is called incident with the vertices u and v. The edge e is also said

to connect u and v.

The vertices u and v are called endpoints of an edge associated with (u, v).

u o v

Definition: The degree of a vertex :

The degree of a vertex in an undirected graph is the number of edges incident with it, except that a loop at

a vertex contributes twice to the degree of that vertex.
The degree of the vertex is denoted by deg( ).
Example :

Let v be a vertex in a graph G. Then the degree dG(V) of the incident with v (each loop is counted twice).
The dG(V) can also be denoted by deg G(V) (or explicity, we use d (V) or deg (V) to denote the degree of
V).

deg (V1)=6
deg (V2)=3
deg (V3)=5
deg (V4)=4
deg (Vs5)=6
deg (Ve) =0
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Note :

1. Let G be an undirected graph with |E| edges and |V| = n vertices, then Zni=1 deg (vi) = 2 |E]|.
2. In any graph, the number of vertices of odd degree is even.

3. A vertex of degree one is called a pendant or end vertex in G.

4. A vertex of degree zero is called an isolated vertex in G.

5. Two adjacent edges are said to be in series if their common vertex is of degree two.

Va eV,

. A

Vs e, vy *Vs

The vertices Vs, Ve are pendant vertices.
The vertices Vs, V7 are isolated vertices.

Example 1. What are the degrees of the vertices in the graph G.
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Solution :

deg (v1)=2,deg (v2)=1,deg (v3)=6

deg (v4) =2, deg (vs5) = 3.

Example 2. How many edges are there in a graph with 10 vertices each of degree six ?
Solution: Sum of the degrees of the 10 vertices

is (6) (10) =60

i.e., 2e =60

e=30

Example 3. Show that the sum of degree of all the vertices in a graph G, is even.
Proof : Each edge contribute two degrees in a graph.

Also, each edge contributes one degree to each of the vertices on which it is incident.
Hence, if there are N edges in G, then

IN=d () +d(m)+....+d (W)

Thus, 2 N is always even.

[The Handshaking Theorem] [A.UN/D 2012]

Theorem: For any graph G with E edges and V vertices

vi,v2, ....,vn, Zni=td (vi)=2E
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Proof :

Let G =G (V.E) be any graph, where V = {vi, 12, ..., va} and E = (e1, e2,..., en}

Since, each edges contributes twice as a degree, the sum of the degree of all vertices in G is twice as the

number of edges in G.

i.c., Zni=1 d (vi) =2 |E| = 2¢

Note: This theorem applies even if multiple edges and loops are present.

Theorem: The number of odd degree vertices is always even.

Let G = {V, E} be any graph with 'n' number of vertices and 'e' number of edges.

Let Vi, 2, ..., Vk be the vertices of odd degree and Vi', V2', ..., V' be the vertices of even degree.
To prove, k is even

n
We know that Z d(V;)) = 2|E| = 2e

=1
m

k
= > d(V)+ 2 d)=2e

i=1 i=1
m

Each of d (V) is even = '21 d(Vj') and 2e
J=

arc even numbers (being the sum of even numbers)

k
Z d (V;) + an even number = an even number

i=1

= > d(V;) = an even number.
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Since, each term d (V5) is odd.

Therefore, the number of teams in the LHS sum must be even.
= Kis even.

Hence, the theorem.

Example 4. Verify that the sum of the degree of all the vertices is even for the graph.

Va

Solution: The sum of degree of all the vertices is
=d(wn+d()+dW)+d(ws)+ds)+d(e)+d(7)+d ()
=2+3+5+3+3+4+2+2

= 24 which is even.

Note: Odd vertices means vertices of odd degree.

Example 5. Verify the handshaking theorem for the graph.
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Solution: To prove X deg (vi) = (2) (no. of edges)

ie., T deg (v)=(2)(9)=18

Y deg (vi) = deg (v1) + deg (v2) + deg (v3) + deg (v4) + deg (v5) + deg (v6)

=2+4+4+3+4+1

=18

Hence the theorem is true.

Theorem: A simple graph with at least two vertices has at least two vertices of same degree.

Proof: Let G be a simple graph with n > 2 vertices.

The graph G has no loop and parallel edges.

Hence the degree of each vertices is<n - 1.

Suppose that all the vertices of G are of different degrees.

Following degrees 0, 1, 2, 3, ..., n - 1 are possible for n vertices of G.

Let u be the vertex with degree 0. Then u is an isolated vertex.

Let v be the vertex with degree n - 1 then v has n - 1 adjacent vertices.

Because v is not an adjacent vertex of itself, therefore every vertex of G other than u is an adjacent vertex

of G other than u is an adjacent vertex u.
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Hence u cannot be an isolated vertex, this contradiction proves that a simple graph contains two vertices

of same degree.
Note: The converse of the above theorem is not true.
Example 6. Show that the degree of a vertex of a simple graph G on n vertices cannot exceed n-1.

Solution: Let v be a vertex of G because G is simple, no multiple edges or loops are allowed in G. Thus v

can be adjacent to at most all the remaining n - 1 vertices of G.

Hence v may have maximum degree n - 1 in G.

Then 0 <deg G(v)<n—1 V ve V(G)

Example 7. Show that in a group, there must be two people who know the same number of other people in

the group.

Solution: Construct the simple graph model in which V is the set of people in the group and there is an
edge associated with (u, v) if u and v know each other. Then the degree of vertex v is the number of

people v knows.

We know that there are two vertices with the same degree. Therefore there are two people who know the

same number of other people in the group.

Example 8. Is there a simple graph corresponding to the following degree sequences? (i) (1, 1, 2, 3) (ii)
(2,2,4,6)

Solution :

(i) There are odd number (3) of odd degree vertices, 1, 1 and 3. Hence there exist no graph corresponding

to this degree sequence.

(i1) Number of vertices in the graph sequence is four and the maximum degree of a vertex is 6 which is

not possible as the maximum degree cannot exist one less than the number of vertices.
Example 9. Show that the maximum number of edges in a simple graph with n verticesisn (n-1)/2

Solution: Use handshaking theorem.
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ie, Zi=1d (vi)2 e,

where e is the number of edges with n vertices in the graph G.

e, dv)+d ) +..d(wm)=2e ....(1)

Since we know that the maximum degree of each vertex in the graph G can be (n - 1)

(H)=m—-1)+(—1)+..tonterms = 2e

=nnh-1)=2e

e=n(n-1)/2

Hence the maximum number of edges in any simple graph with n vertices isn (n-1)/2

Definition: When (u, v) is an edge of the graph G with directed edges, u is said to be adjacent to v and v is

said to be adjacent from u.

The vertex u is called the initial vertex of (u, v), and v is called the terminal or end vertex of (u, v).

The initial vertex and terminal vertex of a loop are the same.

Definition: In a graph with directed edges the in-degree of a vertex v, denoted by deg - (v), is the number

of edges with v as their terminal vertex.

The out-degree of with v, denoted by deg + (v), is the number of edges with v as their initial vertex.

Note: A loop at a vertex contributes 1 to both the in-degree and the out-degree of this vertex.

In degree

In a directed graph G, the in degree of v denoted by in deg G (v) or deg -1G (Vv), is the number of edges

ending at v.

Out degree

In a directed graph G, the out degree of vertex of v of G denoted by out degG(v) or deg+G (v), is the

number of edges beginning at v.

Note:
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(1) The sum of the in degree and out degree of a vertex is called the total degree of the vertex.

(2) A vertex with zero in degree is called a source and a vertex with zero out degree is called a sink.
Theorem: If G = (V, E) be a directed graph with e edges, then

Yvev deg+G (V) = Zvev deg-G (V) = e

i.e., the sum of the outdegrees of the vertices of a diagraph G equals the sum of in degrees of the vertices

which equals the number of edges in G.

Proof: Each edge has an initial vertex and a terminal vertex.

= Each edge contributes one out degree to its initial vertex and one indegree to its terminal vertex.
Thus the sum of the indegrees and the sum of the out degrees of all vertices in a directed graph are same.

Example 10. Verify Zni=1 deg+G (vi) = X ni=1 deg- (vi) = |[E| = e in the following graph.
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Solution :

=r_-*.dl:g ) out :-I;.-gree_:h-;fc'g;r" indegree f.-ff‘g+ ’
Eoad 5 | y e R =
Vs 1 _ 2
V3 2 a - 3
vy 2 | g
| Vs 5 9
! .
| v 0 0
L: Sum | 12 12

Y deg' (v) = D deg”(v) =e =12

i=1] i=1
Example 11. What do the in-degree and the out-degree of a vertex in a directed graph modeling a
round-robin tournament represent?
Solution: (deg+ (v), deg- (v)) is the win-loss record of v.

Definition: Underlying undirected graph. The undirected graph that results from ignoring directions of

edges is called the underlying undirected graph.
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Example 12. Construct the underlying undirected graph for the graph with directed edges in the following

figure.
& _/’ﬂ;_.—’}"a e
SR
| k -
Ay J

Solution :

The minimum of all the degrees of the vertices of a graph G is denoted by 6 (G), and the maximum of all

the degrees of the vertices of G is denoted by A (G).

In otherwords

4 (G) =min {deg (V)/ VeV (G)} and

A (G) =max {deg (V)/ VeV (G)}

d(Vi)=d(Va)=3

d(V2)=d(Vs)=4

d(Vs)=1

5(G)=1

A(G)=4
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Clearly 6 (G) < A(G)=4

If 8 (G) = A (G) =K 1i.e., if each vertex of a graph G has degree K, then G is said to be K - regular graph
of degree K.

u,[ e
b

d(V)=d(V2))=d(Vs)=d (Ve =2

The given graph is 2-regular (or) regular graph of degree 2.
If G is a K-regular graph, then 6 =2 |E| / [V|=A

If Vi, V2, V3, .... Vi are the n vertices of G, then the sequence (di, d2, ..., dn), where di = deg (vi) is the

degree sequence of G.

Va

Va4

A degree sequence of G: (2, 2, 3, 5)
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A degree sequence d = (di, d2, .... dn) is graphic if there is a simple undirected graph with degree

sequence d.

Is there a graph with degree sequence (1, 3, 3, 3, 7, 6, 6). No, because the no. of vertices with odd degree

is odd, a contradiction to corollary; the number of vertices of odd degree must be even.

A simple graph in which every pair of distinct vertices are adjacent is called a complete graph. If G has n

vertices then the complete graph will be denoted by Kn.

Example 13. Draw these graphs
(a)Ks  (b)Ks (c) K7

Solution :

Example 14. Draw Graphs Kn for 1 <n <4

Solution :
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Example 15. What is the degree sequence of K, where n is a positive integer? Explain your answer.

Solution: Each of the n vertices is adjacent to each of the other n-1 vertices, so the degree sequence is n -

I,n-1,..,n-1(nterms)

Example 16. Determine whether each of these sequences is graphic. For those that are, draw a graph

having the given degree sequence. (a) 5,4,3,2,1(b)3,2,2,1,0(c) I, 1, 1, 1, 1
Solution :

(a) No, (5+4+3+2+1=15) sum of degree is odd

(b) Yes

(¢) No, (1+1+1+1+1=5) sum of degrees is odd.

Example 17. How many vertices and how many edges of Kn?
Ans. n vertices, n (n - 1)/2 edges.

Example 18. Find the degree sequence of each of the following graphs (a) K4 (b) Ks (c) K2
Solution :

(@) 3,3,3,3
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(b)4,4,4,4,4
©1,1
Definition: Cycle Graph

A cycle graph of order 'n' is a connected graph whose edges form a cycle of length 'n' and denoted by Cn.

.
{\\,J

Note:

(1) In a graph a cycle that is not a loop must have length atleast 3, but there may be cycles of length 2 in a
multigraph.

(2) A simple digraph having no cycles is called a cyclic graph.

(3) An cyclic graph cannot have any loops.

(4) The cycle Cn, n > 3, consists of n vertices 1, 2, ..., n and edges {1, 2}, {2, 3},... {n-1,n}
Example 19. Draw the graphs (a) C3 (b) C4 (¢) Cs (a) Ce, (e) Cs

Solution :

(a) (b) (c) (d) (e)
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Example 20. How many vertices and how many edges do these graphs have (a) Cn (b) Cs (c) Also find the

degree sequence of C4.
Solution :

(a) n vertices, n edges

(b) 8 vertices, 8 edges.
(©)2,2,2,2

Definition: Wheel Graph :

A wheel graph of order n is obtained by joining a new vertex called 'Hub' to each vertex of a cycle graph

of order n 1, denoted by Wh.

Ws

Note: We obtain the wheel Wn when we add an additional vertex to the cycle Cn, for n > 3, and connect

this new vertex to each of the n vertices in Cn, by new edges.
Example 21. Draw the graphs (a) W3, (b) W4 (¢) W5, (d) Ws, (e) W7

Solution :

(2) (b) () (d) )

A X &k &
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Example 22. How many vertices and how many edges do these graph have (a) Wn (b) W5 also find the

degree sequence of W4

Solution :

(a) n+ 1 edges, 2n edges

(b) 5+1 = 6 vertices, (2)(5) = 10 edges
(c)4,3,3,3,3

Definition: n-Cubes :

The n-dimensional hypercube, or n-cube, denoted by Qn; is the graph that has vertices representing the 2n

bit strings of length n. Two vertices are adjacent if and only if the bit strings that they represent differ in

exactly one bit position.

Example 23. Draw the graphs (a) Q1 (b) Q2

Solution :

=8

(a) (b)

10 11

Ql QZ

(c) Q3

(©

110 m

100

101

01 011

000 001

04

Example 24. How many vertices and how many edges do those graphs here?

(@) Qn (b) Q3
Solution :

(a) 2n vertices, n 2n-1 edges
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(b) 23 = 8 vertices, (3) (22) = 12 edges

Example 25. Find the degree sequence of Q3.

Solution: 3, 3,3, 3,3,3

Regular graph: [A.UN/D 2012]

A graph in which all vertices are of equal degree is called a regular graph.

If the degree of each vertex is r, then the graph is called a regular graph of degree r.
Note :

(1) Every null graph is regular of degree zero.

(2) The complete graph kn of degree n - 1.

(3) If G has n vertices and is regular of degree r, then G has (’2) r n edges.
Example 26. What is the size of an r-regular (p, q) graph?

Solution : By the definition of regularity of G,

we have degc (vi) = for all vieV(G)

But 2q =X degc (v1)

=2r

= pr

q=pr/2

Example 27. Does there exists a 4-regular graph on 6 vertices if so construct a graph.
Solution: We know that q = pr/2 = (6)(4)/2 =12

Four regular graph on 6 vertices is possible and it contains 12 edges.
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Example 28. For which values of n are these graphs regular? (a) Kn (b) Cn (¢) Wa (d) Qn
Solution:

(a) Foralln>1

(b) For alln >3

(c) Forn=3

(d) For all n >0

Example 29. How many vertices does a regular graph of degree four with 10 edges have?

Solution: Given

To find : p.

We know that 2q = pr

P=""2q/r

P=(2) (10)/4

p=35
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Definition Bipartite graph

A bipartite graph is an undirected graph whose set vertices can be partitioned into two sets M and N is
such a way that each edge joins a vertex in M to a vertex in N and no edge joins either two vertices in M

or two vertices in N.
here V=MUN ; MNN = ¢

M= {V1, V3, Vs, V7} ; V ={V2, V4, Ve, Vs}

Definition: Complete Bipartite graph

A complete bipartite graph is a bipartite graph in which every vertex of M is adjacent to every vertex of
N. The complete bipartite graphs that may be partitioned into sets M and N as above s.t M =m and |[N| =n
are denoted by Km,n

V.,

Definition: Star graph

Any graph that is K1, n is called a star graph.
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Example 30. Show that Ce is a bipartite graph ?
Solution: The vertex set of Cs can be partioned into the two sets

Vi={vi, v3, vs} and V2= {v2, v4, vs} and every edge of Cs connects a vertex in V1 and a vertex in V2

Vy ¥a

Va

Hence Cs is a bipartite graph.
Example 31. Is K3 is bipartite?

Solution: No, the complete graph K3 is not bipartite.

%

W

Vg 2

If we divide the vertex set of Ks into two disjoint sets, one of the two sets must contain two vertices.
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If the graph is bipartite, these two vertices should not be connected by an edge, but in K3 each vertex is

connected to every other vertex by an edge.

K3 is not bipartite.

Example 32. How many vertices and how many edges of Kmn graph have?
Solution: m + n vertices, mn edegs.

Example 33. Find the degree sequence of the following graph K23
Solution: 3, 3,2, 2,2

Example 34. Show that the following graph G is bipartite.

Solution: Graph G is bipartite since its vertex set is the union of two disjoint sets, {vs, v2, v3} and {v3, vs,

vs, v7}, and each edge connects a vertex in one of these subsets to a vertex in the other subset.
Example 35. For which values of m and n is Km regular?

Solution: A complete bipartite graph Km,nis not a regular it m # n

— If m =n then Kmn is regular.

Example 36. Prove that a graph which contains a triangle can not be bipartite.

Proof: Atleast two of the three vertices must lie in one of the bipartite sets because there two are joined by

edge, the graph can not be bipartite.

Example 37. Draw the complete bipartite graphs K23, K33 K3,5 and K26
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Solution :

KE.E

VZZSN

Kas Keg

Example 38. Show that if G is a bipartite simple graph with v vertices and e edges, then e < v2/4
Solution: Let G be a complete bipartite graph with v vertices.

Let vi and v2 be the number of vertices in the partitions V1 and V2 of vertex set of G.

Since G is complete bipartite, each vertex in V1 is joined to each vertex in V2 by exactly one edge.
Thus G has vi v2 edges when vi + v2=v

But we know that maximum value of vi v2 subject to

Vi +v2=visv2/4

Thus the maximum number of edges in G is v2/4

ie. e <v2/4

Graph coloring
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The assign of colors to the vertices of G, one color to each vertex, so that adjacent vertices are assigned

different colors is called the proper coloring of G or simply vertex coloring.
If G has n coloring, then G is said to be n-colorable.

Theorem: A simple graph is bipartite if and only if it is possible to assign one of two different colors to

each vertex of the graph so that no two adjacent vertices are assigned the same color.

Proof: Let G = (V,E) is a bipartite simple graph. Then V = ViUV2, where V1 and V2 are disjoint sets and

every edge in E connects a vertex in V1 and a vertex in Va.

If we assign one color to each vertex in Vi and a second color to each vertex in V2, then no two adjacent

vertices are assigned the same color.
Suppose that it is possible to assign colors to the vertices of the graph using just wo colors.
— No two adjacent vertices are assigned the same color.

Let V1 be the set of vertices assigned one color and V2 be the set of vertices assigned the other colour.

Then, V1 and V2 are disjoint and V = ViU V2.

i.e., every edge connects a vertex in V1 and a vertex in v2 since no two adjacent vertices are either both in

Vi1 or both in V2. Consequently, G is bipartite.
Job Assignment problem

A company receives 5 applications to fill 6 vacant positions. Applicant x1 is qualified to fill positions P1

and P4. Applicant x2 is qualified to fill positions P1, P2, P3, P4 and Ps.

Applicant x3 is qualified to fill positions P2 and P4. Applicant x4 is qualified to fill positions. P2, P3, P4, Ps
and Ps. Applicant x5 is qualified to fill positions P2 and Pa.

The problem is: Is it possible to recruit all the applicants and assign a job for which he is qualified?

We introduce a graph model for this with a vertex representing an applicant or a job and if an applicant is

qualified for a job then we introduce an edge between the corresponding vertices.

Now, the problem becomes, finding a matching in this graph which is incident with all the x j s.
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Such a matching does not exist in the graph, since the neighbour set of x1, X3 and xs is the same set {P2,
P4}, that is, the applicants x1, x3 and x5 are qualified only for 2 jobs, P2 and P4. Thus one of the 3

applicants cannot be matched.

Xy _—2 Py

¥a Pz

*a Pa
e Pa
Xg \ Ps

5

-]

Hence we cannot recruit all the five applicants and assign a job for which they are qualified.
Local Area Networks :

In various computers in a building, such as minicomputers and personal computers, as well as peripheral

devices such as printers and plotters, can be connected using a local area network.

Some of these networks are based on a star topology, where all devices are connected to a central control

device.
Parallel processing :

Computers made up of many separate processors, each with its own memory, helps overcome the

limitations of computers with a single processor.

Parallel algorithms, which break a problem into a number of subproblems that can be solved concurrently,

can then be devised to rapidly solve problems using a computer with multiple processors.
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Definition: Subgraph

A subgraph of a graph G = (V,E) is a graph H = (W, F), where W<V and F<E. A subgroup H of G is a
proper subgraph of G if H#G.

Example 39. Draw two subgraph of Ks.

Solution:

a a
e @ b JE N b
d c c

Example 40. How many subgraphs with atleast one vertex does K3 have ?

Solution: 17

Definition: The union two simple graphs G1 = (V1, E1) and G2 = (V2, E2) is the simple graph with vertex
set V1 U V2 and edge set E1UE2. The union of G1 and G2 is denoted by G1 U Go.

Example 41. Find the union of the graphs G1 and G2

a b G a b c
d e d a

G4 G

Solution : The vertex set of G1 = {a, b, ¢, d, e}

The vertex set of G2 = {a, b, ¢, d, f}
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GiUG2={a, b, c,d, e, f}

b /T
d e f
Gy UG,

Definition: Complement

The complement of G is defined as a simple graph with the same vertex set as G and value two vertices u

and v are adjacent only when then are not adjacent in G.

Example 42. If the simple graph G has v vertices and e edges, how many edges does have?
Solution: have the edges.

=v(v-1)/2e

Example 43. Show that if G is a simple graph with n vertices, then the union of G and is Ku.

Solution: The union of G and contains an edge between each pair of the n vertices. Hence this union is

Ka.

EXERCISE 3.2

1. Can a simple graph exist with 15 vertices each of degree five?

[Ans. No. because the sum of the degree of the vertices cannot be odd.]

2. Find the number of vertices, the number of edges, and the degree of each vertex in the given undirected

graph. Identify all isolated and pendant vertices.
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; b c o
\\ﬁ-‘\-
: —
h g e

[Ans. v=9,e=12; deg (a) = 3, deg (b) = 2, deg (c) = 4, deg (d) = 0, deg(e) 6, deg (f) = 0; deg (g) =4;
deg(h) =2; deg(i) = 3, d and f are isolated.]

3. What does the degree of a vertex represent in a collaboration graph? What do isolated and pendant

vertices represent?

[Ans. The number of colloaborators v has; someone who has never collaborated; someone who has just

one collaborator.

4. What does the degree of a vertex represent in the acquaintanceship graph, where vertices represent all
the people in the word? What do isolated and pendant vertices in this graph represent ? In one study it was
estimated that the average degree of a vertex in this graph is 1000. What does this mean in terms of the

model ?

5. Determine whether the graph is bipartite.
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(

c

- b
a)
c d
b
(b) aﬂ/x“‘x 4 d
JN

f

b

(c)

6. For which values of n are these graphs bipartite?
(@A) Kn (b)Ca (c) Wa (d) Qn

7. Draw the mesh network for interconnecting nine parallel processors.

P (0,0) P (0,1) P(0,2)
P(1,0) P(1,1) P(1,2)
P(2,0) P(2,1) P(%,2)

9. Show that every pair of processors in a mesh network of n = m2 processors can communicate using O

(\n) = O (m) hops between directly connected processors.

[Ans.

Representing Graphs and Graph Isomorphism
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Definition: Matrix representation of graphs and Digraphs:

We can represent a simple graph in the form of edge list or in the form of adjacency lists which are may

be useful in computer programming.

Va Va
Vv, Vs .
(a) (b)
An Edge list of (a) An Edge list of (b)
Vertex Adjacency Vertex Adjacency

vertices vertices
Vi Va Vs v Vi, Va
Vs Vi, Vi Vs Vs
V3 Vi, Va, Vs Vi Vi, Vs
\'2 Vs, Vs, Vs Vs Vy, Vs
Vs Vi, Vy | Vs -

Definition: Adjacency matrix

Let G (V, E) be a simple graph with n. Vertices ordered from V1 to Vn, then the adjacency matrix A =

[aij]n*n of G is an n*nsymmetric matrix defined by the elements.
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| 1  when V;is adjacent to V;
a; = 1 L
Z |0 Otherwise

[t is denoted by A (G) or Ag

Fy - 8 o | 1 0 0
b | ! .

L»’/ Ny Va Valit 1 0 o

Properties of adjacency matrix

1. An adjacency matrix completely defines a simple graph

2. The adjacency matrix is symmetric

3. Any element of the adjacency matrix is either O or 1, therefore it is also called as, bit matrix or boolean

matrix.
4. The it row in the adjacency matrix is determined by the edges which originate in the node Vi.

5. If the graph G is simple, the degree of the vertex V; equals the number of 1's in the it row (or ith

column) of Ag.

6. Given an n*n symmetric boolean matrix A, we can find a simple graph G s.t A is the adjacency matrix
of G.

7. G is null <> A(G) is the zero matrix of order n.

Example 1. Use an adjacency list to represent the given graph.

M.NAGA SRAVANI, ASSISTANT PROFESSOR



(a)

= =Ty

Terminal vertices |

vy e 2
DR =
Va
Solution :
(a) | Vertex |Adjacent vertices (b) [ Vertex
Vi Va2, V3, Vg a
Vo V1, V4 b
V3 Vi, Vg c
Vi Vi, Ve, V3 d

Example 2. Represent the following graph with an adjacency matrix.

. $b
o O—
d
Solution :
a b ¢ d
a rﬂ 1 1 1“
b |1 0 0 1
¢ 11 0 0O 1
d |1 1 1 0
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Example 3. Write the adjacency matrix of K4

Solution: K4 graph is

a b
- d
a b ¢ d
a'lo % 1 1
b |1 0 1 1
¢ 1 X D 3
d |.l 1 1 @

Example 4. Write the adjacency matrix of K2,3

Solution: K2,3 graph is

a b
c d e

g b ¢©-d ¢
sl & 31 3 1.I
b1 B8 31 1 1
¢ |1 1 0 0 0
d |1 1 0 0 0
e |1 1 0 0 O
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Example 5. Write the adjacency matrix of C4.

Solution : Cs graph is

vy Va
9- -9 v
Vi 1 0 1
vy 0 1 0
Yy 1 ] 1
@- »
"u'l,ﬁ "|,||'3

Example 6. Write the adjaency matrix of Wa4.

Solution: W4 graph is

LT ~ R - T - A -
= T R
b C‘J.CL o
et e = N == T
D e e D
O e b b ek

Example 7. Write the adjacency matrix of Q3

Solution: The Q3 graph is
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s
M

; 4 . NOOoO
£ T oo O T v vt
a_...l|_ —
-] m — L =2 o= O ty T vt e
=T = T I = R - - T 2 =
n A
3 D - O 85 -0 o
YOO OO O = =
[a]
8 5O ~HO I el e
e TR P ] |
Voo oOoO = B
o0 (= L S~ T €
0 o e . S
— e i
o -OO OO = i .._m .m
=
o] _\lJ. —
Bk -E-RoE-E-Eak- Mo S e = =,
8 - O 0 - O - OO fanM m
o0 =1
woO"wowmooo, 2 3
g =
B0 0T Y e by S =
m )l

M.NAGA SRAVANI, ASSISTANT PROFESSOR



Example 9. Represent the given graph using an adjacency matrix.

Solution :

ST
= o o
D e
L i =

Example 10. Find the adjacency matrix of the given directed multigraph.

B

Solution :

~ TR T - R~

=T O L
[ o R e e R S
- o
=T S I

Example 11. Use an adjacency matrix to represent the pseudograph shown in figure.
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Solution: The adjacency matrix using the ordering of vertices a, b, c, d is

AR D T R

N O Wo' R
- D W O
B o D
O NN R

Definition: Incidence matrix

Let G be a graph with n vertices, Let V = {V1, V2, ... Va} and E = (e1, e2,...em). Define n X m matrix

I = [mij]nm where
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T 1 when V; is incident with ¢;
4 0 Otherwise

Vz e:,_ 1|""Ir:'l. Uﬁ
3
ey
By

V, 84 v,
Vi Ff—’l e ¢3 e e
Vv, |1 0 0 1 0
L« 3 00 ‘0
¢ v3 0 1 1 0 0
19 6 1. &1
Vslo 0 o o 1 ]

Note :

1. The incidence matrix contains only 0 and 1.

2. The number of 1's in each row equals to the degree of the corresponding vertex.
3. A row with all zeros represents an isolated vertex.

4. Every edge is incident on exactly two vertices, each column of the Incidence matrix has exactly two

ones except the loop.
5. The parallel edges in a graph produce idential columns in its incidence matrix.

6. Permutation of any two rows or columns in an incidence matrix simply corresponds to relabeling the

vertices and the edges of the same graph.

Example 12. Represent pseudograph shown in figure using an incidence matrix.
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Solution: The incidence matrix for this graph is

€1 € €3 e e e ey eg

wH% 32 09 @ 9 &
N ¥ 1 31 B. 2 1 6
vy (0 0 0 1 1 0 0 0
v |0 0 0 0 1 1 0 OJ

Example 13. What is the sum of the entries in a row of the incidence matrix for an undirected graph?

Solution: Sum is 2 if e is not a loop, 1 if e is a loop.

Example 14. Find the incidence matrices for the graphs (a) Kn ~ (b) Cn  (c) Wa

Solution:
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i3 2 1 0 0]
0 0 1 ()
1 e B 4 8
2 H l':* 0 1
TAEL R T S
1 0 6 1
1 0 0
m | ! A
0 & .. 1 0
0 0 1 1
0 0 g 9 i 1]
1 0 0
(c) B g A 0
0 0 1]

Where B is the answer to (b)
Definition: Isomorphic Graphs

The simple graphs Gi1 = (Vi1, E1) and G2 = (V2, E2) are isomorphic if there is a one-to-one and onto
function f from V1 to V2 with the property that a and b are adjacent in G1 if and only if f{a) and f{(b) are

adjacent in G2, for all a and b in V1. Such a function f'is called an isomorphism.

In otherwords

Two graphs G and G' are isomorphic if there is a function f; V (G) — V (G'") from the vertices of G to the

vertices of G' such that
(1). f is one-to-one
(i) f is onto and

(ii1) For each pair of vertices u and v of G
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[u, v] € E (G) < [Aw),f(V)] € E (G")
Any function f with the above three properties is called an isomorphism from G to G'.

Example 15. Explain why the two graphs given below are not isomorphic.

S ' &

o
2
L

(a) (b)

Solution: In the graph (a), no vertices of degree two are adjacent while in the graph (b) vertices of degree

two are adjacent. Because isomorphism preserves adjacency of vertices, the graphs are not isomorphic.

Example 16. Show that the graphs G = (V, E) and H = (W, F), shown in figure are isomorphic.

u
A Vy Va

1
Uné —. Uy

Ua Va

Solution: The function f with f'(u1) = 1, f (u2) =4, f(u3) = 3, and f{us) =2 is a one-to-one corresponding
between V and W.

Here the correspondence preserves adjacency, note that adjacent vertices in G are ui and u2, ut and us, u2
and u4, and u3 and u4 and each of the pairs f (u1) = 1 and f(u2) = 4. f (u1) =1 and f (u3) =3, f(wz) =4 and f
(u4) =2, and f (u3) =3 and f (u4) =2 are adjacent in H.

Example 17. Show that the two graphs shown in figure are isomorphic.
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Solution: Here, V(G) = {1, 2, 3,4}, V (G2) = {a, b, ¢, d},
E (G = {{1,2}, {2, 3}, {3,4}} and E (G2) = {{a, b}}, {b, d}, {d, ¢}
Define 2 V(G1) — V (G2) as
f(1)=a,2)=b,f(3)=dand f (4) =¢
fis clearly one-one and onto, hence an isomorphism.

{1,2} € E(G1) and {/(1),/(2)} = {a, b} € E(G2)

{2,3} €E(G1) and {f(2),/(3)} = {b,d} € E(G2)

{3,4} €¢E(G1) and {f(3),/(4)} = {d, c} €E(G2)

{1,3} €E(G1) and {(1),/(3)} = {a, d} € E (Ga2)

{1,4} €E (G1) and {f(1),/(4)} = {a,c} €E(G2)

{2, 4} €E (G1) and {/2), f(4)} = {b, c} €E (G2)

Hence f preserves adjacency as well as non-adjacency of the vertices. Therefore G1 and G2 are

isomorphic.

Example 18. Prove that the graphs G and G given below are isomorphic
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Uy

Us G Us

Solution: The two graphs have the same number of vertices same number of edges and same degree

sequence consider the function f.
Sun) Vi, f(u2) = v3, f(u3) = V4, f (u4) = V2, f(us) = vs
then the adjacency matrices of the two graphs corresponding to f‘are

LS Lo HI-; Hy Usg

ugy (0 1 1 0 0

. w |1 0 0 0 1
4 (G) wy |1 0 0 1 ()
ug 100 1 0 1

us |10 1 0 1 0

1. Y8 Y% Wi %

v [0 1 1 0 0

1 () 0 1 0
( ] 1 (] |

A(G) = A 4;}

G and G are isomorphic to each other.

Example 19. Show that the Digraphs are isomorphic.
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:‘E-'

G

Uy

Solution: G and are having 5 vertices and 8 edges. Consider indegree and out degree of the vertices if G

and .

G deg + deg - G deg + deg -

in degree | out degree in degre |out degree

21 1 2 1y 2 1

) 2 1 Uy 1 2

V3 1 2 e 2 1

Vg 2 1 Uy 2 2

Vs 2 2 Us 1 2
Now

fivi)=us, f(v2) =u1, f(v3)=u2
f(va)=us, f (vs) =u4

Clearly f'is one to one and onto.

= AG = A under this mapping f

G and G are isomorphic.
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Example 20. Prove that any 2 simple connected graphs with n vertices all of degree 2 are isomorphic.
Solution: We know that total degree of a graph is given by

ni=1 d(Vi)=2|E|

then  |V|=number of vertices n

|E| = number of edges

Further the degree of every vertex is 2.

Therefore Yni=1 2 = 2|E|

2(m)—1+1)=2|E|

= n=|E|

number of edges = number of vertices. Therefore the graphs are cycle graphs Hence they are isomorphic.
Example 21. Can a simple graph with 7 vertices be isomorphic to its complement?

Solution: A graph with 7 vertices can have a maximum number of edges.
=7(7-1)/2=7%x6/2=21=21 edges

21 edges cannot be split into 2 equal integers. Therefore, G and cannot equal number of edges. Hence a

graph with 7 vertices cannot be isomorphic to its complement.

Example 22. Let G be a simple graph all of whose vertices have degree 3 and |E| =2 |V| - 3. What can be
said about G?

Solution :

Zvli=1 d(Vi)=2|E|
3(V]- 1+1)=2[E]|
3[V[=2IE]

= 3|V|=22|V|-3)
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=3|V|=4|V|-6

V|=6

Number of vertices in G = 6 It can be concluded that G is isomorphic to K33

Example 23. Show that isomorphism of simple graphs is an equivalence relation.

Solution:

(1) Reflexive: G is isomorphic to itself by the identity function, so isomorphism is reflexive.

(i1) Symmetric: Suppose that G is isomorphic to H. Then there exists a one-to-one correspondence f from
G to H that preserves adjacency and nonadjacency. From this f.1 is a one-to-one correspondence from H to

G that preserve adjacency and non adjacency.
Hence, isomorphism is symmetric.

(ii1) Transitive: If G is isomorphic to H and H is isomorphic to K, then there are one-to-one
correspondences f and g from G to H and from H to K that preserve adjacency and non adjacency. It
follows that gof is a one-to-one correspondence from G to K that preserves adjacency and non

adjdacency. Hence, isomorphism is transitive.

EXERCISES 3.3

1. Draw a graph with the given adjacency matrix.
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2. Represent the given graph using an adjacency matrix.

a b
[ §- 9 2%
8 4 4. 5
[Ans. 1, 5 1 ¢
5 d [1 2 &

3. Draw an undirected graph represented by the given adjacency matrix.

: & 0 ]
2 0 3 0
0 3 1 1 [Ans.
i1 O 1 8

5. Draw the graph represented by the given adjacency matrix.
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N

|12 0 0 [Ans.
i r i LY

7/

Il-' _-".:I_." = f

d h,
I
¥

! LY

/

=
/-~ A
e e g 4

e

6. Is every zero-one square matrix that is symmetric and has zeros on the diagonal the adjacency matrix of

a simple graph?

[Ans. Yes]

7. Describe the row and column of an adjacency matrix of a graph corresponding to an isolated vertiex.
[Ans. Zeros]

8. Show that the vertices of a bipartite graph with two or more vertices can be ordered so that its

adjacency matrix has the form

0 A
B 0

9. Find a self-complementary simple graph with five vertices.

[Ans. Cs]

10. For which integers n is Ca self-complementary?

[Ans. for n =5 only]

11. How many non isomorphic simple graphs are there with five vertices and three edges ?
[Ans. 4]

12. Are the simple graphs with the following adjacency matrices isomorphic?

M.NAGA SRAVANI, ASSISTANT PROFESSOR



0 0 1 0 1 1
a8 B A1 B B [Ans. Yes]
1 1 0 1 0 0
0 1 1 0 0 1 0 1
1 0 0 1 1 0 0 0
®i; o o 1/7l0o o o 1| UAns Noj
0 1 1 0 1 0 1 0

13. Determine whether the given pair of directed graphs are isomorphic.

M

Va

I

Usq ‘F}_ ol Uy '
[Ans. Yes]

14. Find a pair of non isomorphic graphs with the same degree sequence such that one graph is bipartite,

but the other graph is not bipartite.
[Ans. Many answers are possible for example Cs and C3UC3]
15. What is the product of the incidence matrix and its transpose for an undirected graph ?

[Ans. The product is [aij] where aij is the number of edges from vi to vj when i#j and aii is the number of

edges incident to v1 |
CONNECTIVITY

Definition: Path
A path in a multigraph G consists of an alternating sequence of vertices and edges of the form

Vo, e1 V1, e2, V2, ... en-1, Vn-1, €n, Vn
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where each edge ei contains the vertices Vi-1 and Vi
The number n of edges is called the length of the path.

The path is said to be closed if Vo = Van we say the path is from Vo to Va or between Vo and Va or
Connects Vo to Vn.

Note :

1. A simple path is a path in which all vertices are distinct. (A path in which all edges are district will be

called a trail)
2. If Vo = Vn, then P is called a closed path. On the other hand if Vo # Vi, then P is an open path.

3. For the following graph

B . B R i ey ‘ : —
| Path Length |Simple | Closed Cu'uuu! Cycle
path | path l ‘
Vi—=Vp—=Vg—\V A 3 Yes | Yes | Yes | Yes -|
- — e 4
Vg — Vi = V3 = Vg 3 Yes | Yes Yes | Yes :
Al |
| i .
[ Vi 0 Yes Yes No No |
, Vg — Vg i ] i Yes Yes Yes Ycs
| i | o
i Vi-Vy—=V; 2 No | Yes | No | No
Ve =V, =V;=Vg=Vy—V3| 5 No | No | No | No
| . |
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Definition: Circuit:

A path of length > 1 with no repeated edges and whose end vertices are same is called a circuit.
Note :

4. A cycle is a circuit with no other repeated vertices except its end vertices.

5. A cycle is a simple circuit, a loop is a cycle of length 1.

6. In a graph a cycle that is not a loop must have length atleast 3, but there may be cycles of length 2 in a
multigraph.

7. Two paths in a graph are said to be edge-disjoint if they have no common edges, they are vertex -

disjoint if they have no common vertices.
Definition: Path graph

A path graph of order 'n' is obtained by removing on edge from a Cn graph, denoted by Pn.

ey
\ |

P

&

Definition: Trail

A trail from v to w is a path from v to w that does not contain a repeated edge.
Thus a trial from v to w is a path of the form

vV = Vo, €1, V1, €2, ... Vk-1, €k, vk = W where all the ei are distinct.

Note: Every simple path is also a trail, and every trail is also a path, but these inclusion do not reverse.
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; Starts and Ends
Repeated edge | Repeated vertex ot 4ainé Dol
Path allowed allowed allowed
[ Trail no allowed allowed
T.iimple path no no no
Closed path allowed allowed yes
Cycle no allowed yes
Eimp!c cycle no first and last only yes

Example 1: Does each of these lists of vertices from a path in the following graph? Which paths are
simple? Which are circuits? What are the lengths of those that are paths?

(a)a,e,b,c,b (b)e,b,a,d, b, e

(¢c)a,e,a,d,b,c,a (d)ec,b,d,a, e c

Solution :

(a) path of length 4, not a circuit, not simple.
(b) not a path

(c) not a path

(d) simple circuit of length 5.
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Definition: Connected and disconnected graphs

A graph G is a connected graph is there is atleast one path between every pair of vertices in G. Otherwise

G is a disconnected graph.

Example:

e, -

i |

V5
€2
€, ©s
€s

Va

e, Va

Note: A disconnected graph consists of two or more connected graphs. Eachof these connected subgroups

is called a component (or a block).

Example 2. Determine whether the given graph is connected.

XX /AN

Solution: (a) No (b) No

Example 3. For the following graph
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" ‘ Yio
/ Ve
b Y3 Vs Vg Ve Vg
Va2
we have
Simple | Closed |
Path Léength P Circuit| Cycle
path | path i:
VI—Vg—V3—Vs—Vg—Vio—Vq4—Vi| 7 no yes no no {
WL L L i T S 7 no yes yes no 1
Vi =Vv2—W 2 no yes no no |
Vi — V4= V3 =¥y =W 4 yes yes yes yes
Vg — Vg 1 yes yes yes yes
V1 . N yes | yes no no
Vs=¥g—Vi—V¥po—Vg— V3 5 no no no no
1
Vg = V3 = V3 — Vg4 3 yes yes yes yes

Theorem: If a graph G (either connected or not) has exactly two vertices of odd degree, there is a path

joining these two vertices.

Proof: Case (i) Let G be connected.

Let vi and v2 be the only vertices of G with are of odd degree.

But we know that number of odd vertices is even.

Clearly there is a path connecting vi and v2, because G is connected.
Case (ii) Let G be disconnected.

Then the components of G are connected.

Hence vi and v2 should belong to the same component of G.
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Hence, there is a path between v1 and v2.

Theorem :

The maximum number of edges in a simple disconnected graph G with n vertices and k components is (n

-k)(n-k+1)
Proof :

Let the number of vertices in the it component of G be n1 (ni >1)

k
Then n]+n1+,..+nk=norz n,=n
i=1
k
Hence, E (ni—1) = n—k
i=1
2

k
> -1} =nt-2nk+i

i=1

k
=i§1 (n,-‘]}1+2 Z (ni—lj{rtj—l) =n?—2nk + i

i=lj

i=]

k
>3 -2+ 1) <sn’ =k + 12

i=!1
k

> D nfi<nt -2k +kP+m—k
i=1

Now the maximum number of edges in the in component of

G=%ni(mi—1)
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Therefore maximum number of edges of G

1 k
=3 E, n; (n — 1)
= i L3 by (1)
> 2 —Zn, by
L= B
s-l—(n*“—znk+;;1+zu-k)—l; b
2 zll Y(4J
1
¢5§{::2—2::k+k3+n—k)
=P*“il[[r:——kz
il J+{”"'k”

1
S =< E{n—ﬁ:)(ﬂ-k+1}

Example 3. Let G = (V,E) be a simple graph. Let R be the relation on V consisting of pairs of vertices (u,

v) such that there is a path from u to v or such that u = v. Show that R is an equivalence relation.

Solution :
(1) Reflextive :

R is reflexive by definition.

(i1) Symmetry: Assume that (u, v) € R, then there is a path from u to v. Then (v, u) € R because there is a

path from v to u.
(ii1) Transitive:

Assume that (u, v) € R and (v, w) € R; then there are paths from u to v and from v to w. Putting these two

paths together gives a path from u to w.

Hence, (u, w) € R. It follows that R is transitive.
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Theorem: There is a simple path between every pair of distinct vertices of a connected undirected graph.
Proof: Let u and v be two distinct vertices of the connected undirected graph G = (V, E).

Since G is connected, there is at least one path between u and v. Let xo, X1,...,Xn, where xo =u and xn =V,

be the vertex sequence of a path of least length.
This path of least length is simple.
Suppose it is not simple. Then xi = Xj for some i and j with 0 <i <j.

This means that there is a path from u to v of shorter length with vertex sequence xo, X1, ..., Xi-1, Xj, ..., Xn

obtained by deleting the edges corresponding to the vertex sequence Xi, ..., Xi-1.

Example 4. What are the connected components of the graph H shown in figure.

.
&
|
| ]
&
i

Solution: The graph H is the union of three disjoint connected subgraphs Hi, H2, and Hs.
These three subgraphs are the connected components of H.

Definition: A directed graph is strongly connected if there is a path from a to b and from b to a whenever

a and b are vertices in the graph.

Definition: A directed graph is weakly connected if there is a path between every two vertices in the

underlying undirected graph.

Example 5. Are the directed graphs G and H shown in figure strongly connected? Are they weakly

connected?
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Solution: G is strongly connected because there is a path between any two vertices in this directed graph.

Hence, G is also weakly connected.

The graph H is not strongly connected. There is no directed path from a to b in this graph. However, H is
weakly connected, because there is a path between any two vertices in the underlying undirected graph of

H.

Cut vertex, Cut set and Brige

A cut vertex of a connected graph G is a vertex whose removal increases the number of components.
Clearly if v is a cut vertex of a connected graph G, G - v is disconnected. A cut vertex is also called a cut

point.

Bridge:

If a graph G is connected and e is an edge such that G - e is not connected, then e is said to be a bridge or

a cut edge.

Paths in Acquaintanceship Graphs: In an acquaintanceship graph there is a path between two people if

there is a chain of people linking these people, where two people adjacent in the chain know one another.

Paths in Collaboration Graphs: In a collaboration graph two vertices a and b, which represent authors, are
connected by a path when there is a sequence of authors beginning at a and ending at b such that the two

authors represented by the endpoints of each edge have written a joint paper.

Paths in the Hollywood graph: In the Holly wood graph two vertices a and b are linked when there is a
chain of actors linking a and b, where every two actors adjacent in the chain have acted in the same

movie.

Example 6. Find all the cut vertices of the given graph.
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Solution :

(a)e

(b)b, c,e,i

Example 7. Suppose that v is an endpoint of a cut edge. Prove that v is a cut vertex if and only if this

vertex is not pendant.

Solution: If a vertex is pendant it is clearly not a cut vertex. A endpoint of a cut edge that is a cut vertex is

not pendant.
Remove of a cut edge produces a graph with more connected components than in the original graph.

If an endpoint of a cut edge is not pendant, the connected component it is in after the remove cut edge

contains more than just this vertex.

From this, removal of that vertex and all edges incident to it, including the original cut edge, produces a

graph with more connected components than were in the original graph.
Hence, an endpoint of a cut edge that is not pendant is a cut vertex.

Theorem: Let G be a graph with adjacency matrix A with respect to the ordering 1, 2, ..., n (with directed
or undirected edges, with multiple edges and loops allowed). The number of different paths of length r

from i to j, where 7 is a positive integer, equals the (i,j)th entry of A.

Example 8. Show that a simple graph G with n vertices is connected if it has more than (n - 1) (n - 2)/2
edges.

Solution:
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Suppose that G is not connected.

Then it has a component of k vertices for some k, 1 <k <n-1.
The most edges G could have is

C(k, 2)+C(nk,2)=[k (k-1)+(n-k) (n-k-1)]/2

=k2 - nk + (n2 - n)/2.

This quadratic function off is minimized at k = n/2 and maximized at k = 1 or k =n-1.

Hence, if G is not connected, then the number of edges does not exceed the value of this function at 1 and

atn-1, namely, (n - 1) (n - 2)/2.

Example 9. How many paths of length four are there from a to d in the simple graph G in figure.
[A.UN/D 2012]

a b

\ »

Solution: The adjacency matrix of G (ordering the vertices as a, b, ¢, d) is

0 1 1 0]
1 0 }] 1
| ]

0 u |
HJ

Hence, the number of paths of length four from a to d is the (1, 4)th entry of A4. Since

fa

I
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there are exactly eight paths of length four from a to d. From this graph, we see thata, b, a, b, d; a, b, a, c,
d;a,b,d,b,d;a,b,d,c,d;a,c,a,b,d;a,c,a,c,d;a,c d b, d; and a, c, d, c, d are the eight paths from a

to d.

EXERCISES 3.4

1. Determine whether each of these graphs is strongly connected and if not, whether it is weakly conected.

[Ans. Weakly connected]

a b [
< >
(a)
d
e
a b
-
(b) o [Ans. Weakly connected]
e = d
b
a
(c) i
g d
f e

lAns. Not strongly or
Weakly connected]

2. Find the strongly connected components of each of these graphs.
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M
)
i
8 d
a b = d
(b) > > > e
< ¢ <
i h g f
a b P
[E} iA'D's' {ﬂ1 b1f}- {‘:! d1€}]
S =
f - .
e d
a 2 e d

O T = Tians. {a,b,c,d,e,}, (1), {8)]

3. Show that all vertices visited in a directed path connecting two vertices in the same strongly connected

component of a directed graph are also in this strongly connected component.

4. Find the number of paths of length n between two different vertices in K4 if z is

(a) 2 [Ans. 2]
(b)3 [Ans. 7]
(c)4 [Ans. 20]

5. Use paths either to show that these graphs are not isomorphic or to find an isomorphism between these

graphs.
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Ua Us Wy Vs

G H

6. Use paths either to show that these graphs are not isomorphic or to find an isomorphism between them.

U-| u: y '||I'1 'H'z

UE \f$

o uy v Vg

Ug Ug

[Ans. Not isomorphic]

¥a

7. Use paths either to show that these graphs are not isomorphic or to find an isomorphism between them.

Ug

Vy
. Vi &
; Va
[Ans. Isomorphic (the path uy, uy, uq, ug, us, uy, us, ug, u

u u‘

corresponds to the path vy, vy, vs, vy, vs, Vg, V9, Ve V)

8. Show that every connected graph with n vertices has at least n-1 edges.

9. Show that in every simple graph there is a path from any vertex of odd degree to some other vertex of

odd degree.

10. Show that a vertex ¢ in the connected simple graph G is a cut vertex if and only if there are vertices u

and v, both different from c, such that every path between u and v passes through c.
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11. Show that a simple graph with at least two vertices has at least two vertices has at least two vertices

that are not cut vertices.

12. Show that an edge in a simple graph is a cut edge if and only if this edge is not part of any simple

circuit in the graph.

13. Show that if a connected simple graph G is the union of the graph G1 and G2, then G1 and G2 have at

least one common vertex.

14. Show that if a simple graph G has k connected components and these components have ni, n2, ..., nk

vertices, respectively, then the number of edges of G does not exceed

2ki=1 C (ni, 2)

15. How many nonisomorphic connected simple graphs are there with n vertices when # is
(a) 2?[Ans. 1] (b) 3? [Ans. 2] (c)4? [Ans. 6] (d) 5? [Ans. 21]

16. Let P1 and P2 be two simple paths between the vertices u and in the simple graph G that do not contain

the same set of edges. Show that there is a simple circuit in G.
17. Show that a simple graph G is bipartite if and only if it has no circuits with an odd number od edges.

18. Explain why in the collaboration graph of mathematicians a vertex representing a mathematician is in
the same connected component as the vertex representing Paul Erdos if and only if that mathematician has

a finite Erdos number.

19. What do the connected components of acquaintanceship graphs represent? [Ans. Maximal sets of
people with the property that for any two of them, we can find a string of acquaintances that takes us from

one to the other.

SHORTEST-PATH Problems :

Sales directors for large companies are often required to visit regional offices in a number of different

cities. How can these visits be scheduled in the cheapest possible way?

For example, a sales director who lives in city A is required to fly to regional offices in cities B, C, and D.
Other than starting and ending the trip in city A, there are no restrictions as to the order in which the other

three cities are visited.
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The one-way fares between each of the four cities are given in given Table. A graph that models this

information is shown in the given Figure. The vertices represent the cities. The airfare between each pair

of cities is shown as a number on the respective edge.

A B C D

*  $190 $124  $157
§190 *  $126 $155
$124 $126 * $179
$157 $155 $179  *

Sl ®|>]

A 190 fa]

157 126

D 179 C

Brute Force Method :

One method for finding an optimal Hamilton circuit is called the Brute Force Method. The optimal
solution is found using the following steps:

1. Model the problem with a complete, weighted graph.

2. Make a list of all possible Hamilton circuits.
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3. Determine the sum of the weights of the edges for each of these Hamilton circuits. 4.The Hamilton

circuit with the minimum sum of weights is the optimal solution

The traveling sales person problem is the problem of finding a Hamilton circuit in a complete weighted
graph for which the sum of the weights of the edges is a minimum. Such a Hamilton circuit is called the

Optimal Hamilton Circuit or the Optimal Solution.

Hamﬂt{m Clrcmi Sum ofthe“ﬂghis of the E[lges = | Total Cqsﬁ
. i B | ABCDA | M+16+1M+1T = R
TABDCA | 10+15+1M+14 = S48
7|4 5 | | AGBDA | mirmpetsil | = | SR
ACDBA | 1A+IM+IS+10 = 348 e
LGD34 L - =
b 179 C ADBCA = I57+1N 6+14 | =
ADCBA  I7+119+16+10 = 65

It is clear that there are two Hamilton circuits that have the minimum cost of $562. The optimal solution
is either A,C,B,D,A or A,D,B,C,A. For the sales director, this means that either route shown in Figures (a)
and (b) has the least expensive way, to visit the regional offices in cities B, C, and D. Notice that any of

the two route solution is the reverse of the other.

Optimum solution: Optimum solution:
A, C, B, D, .A A T B, 0 A
A 190 B A 190 B
T 124 =1ss 4 124 155
§ 7 . : 126 157 24 _ ) e 126
D 179 & D 179 e
(a) Fly from A to C to B to (b) Fly from A to D to B to
D and then back to A C and then back to A

Suppose that a supercomputer can find the sum of the weights of one billion, or 109 Hamilton circuits per
second. Because there are 31,536,000 seconds in a year, the computer can calculate the sums for
approximately 3.2 x 1016 Hamilton circuits in one year. The table below shows that as the number of

vertices increases the Brute Force Method is useless even with a powerful computer.

M.NAGA SRAVANI, ASSISTANT PROFESSOR



Time Needed by a

Number Number of Supercomputer to

of Hamilton Find Sums of All
Vertices Circuits Hamilton Circuits

18 o By @m e N R ~0.01 year ~ 3.7 days

19 18I = 6.4.9% 105 ~0.2 year =~ 73 days

20 O L DR oy ~3.8 years

2 po B B e 4 ~76 years

22 il IR = 1 g (4 1 ~1597 years

23 Pae— =] ] Gt ~35,125 years

The Traveling Salesman Problem was first formulated a in 1930. It is a mathematical problem used in
graph theory that requires one to find the most efficient route (tour) that a salesman can take to visit n
cities exactly once and return home. In general, the objective is to visit n cities once and return home with
the minimum amount of travel. This relates to our project in that we must use the Traveling Salesman
Problem in order to find the shortest possible route for a rover that will visit seven sites on Mars.
Weighted Graphs And: 4.D Hamiltonian Paths & Circuits Suppose a sales director who lives in city A is
required to fly to regional offices in ten other cities and then return home to city A. With(11 - 1)!, or
3,628,800, possible Hamilton circuits, a list is out of the question. What do you think of this option? Start
at city A. From there, fly to the city to which the air fare is cheapest. Then from there fly to the next city
to which the air fare is cheapest, and so on. From the last of the ten cities, fly home to city A. By
continually taking an edge with the smallest weight, we can find approximate solutions to traveling s ales
person problems. This method is called the Nearest Neighbor Method. 189 Weighted Graphs and the

Traveling Salesperson

Problem 4.D Hamiltonian Paths & Circuits Suppose a sales director who lives in city A is required to fly
to regional offices in ten other cities and then return home to city A. With(11 - 1)!, or 3,628,800, possible

Hamilton circuits, a list is out of the question. What do you think of this option?

Start at city A. From there, fly to the city to which the air fare is cheapest. Then from there fly to the next
city to which the air fare is cheapest, and so on. From the last of the ten cities, fly home to city A. By
continually taking an edge with the smallest weight, we can find approximate solutions to traveling s ales

person problems. This method is called the Nearest Neighbor Method.

190 Weighted Graphs and the Traveling Salesperson Problem 4.D Hamiltonian Paths & Circuits The
Nearest Neighbor Method Of Finding Approximate Solutions to Travelling Salesperson Problems The

optimal solution can be approximated u sing the following steps:
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1. Model the problem with a complete, weighted graph.
2. Identify the vertex that serves as the starting point.

3. From the starting point, choose the edge with the smallest weight. Move along this edge to the second

vertex. (If there is more than one edge with the smallest weight, choose either one.)

4. From the second vertex, choose the edge with the smallest w eight that does not lead to a vertex

already visited. Move along this edge to the third vertex.

5. Continue building the circuit, one vertex at a time, by moving along the edge with the smallest weight

until all vertices are visited.

6. From the last vertex, return to the starting point.

Weighted Graphs and the Traveling Salesperson Problem 4.

D Hamiltonian Paths & Circuits A sales director who lives in city A is required to fly to regional offices
in cities B, C, D, and E. The weighted graph showing the one-way air fares is given in RHS. Use the

Nearest Neighbor Method to find an approximate solution.

What is the total cost?

Solution: The Nearest Neighbor Method is carried out as follows:

1. Start at A.

2. Choose the edge with the smallest weight: 114. Move along this edge to C. (cost:$ 114)

3. From C choose the edge with the smallest weight that does not lead to A:115. Move along this edge to
E. (cost: $115)

4. From ,E, choose the edge with the smallest weight that does not lead to a city already visited: 194.
Move along this edge to D. (cost: $194).

5. From D, there is little choice but to fly to B, the only city not yet visited. (cost: $§ 145)

6. From B, close the circuit and return home to,4. (cost: $180)

M.NAGA SRAVANI, ASSISTANT PROFESSOR



An approximate solution is the Hamilton circuit: A,C,E,D,B,A. The total cost is $114 + $115 + $194 +
$145 + $180 = $748.

What is the shortest Hamilton circuit that connects all of the
state capitals in the 48 contiguous states?
Ly i
Salein Helena Z
: Bismrmarck ”
o s : Mlomipelisr A goueta
i St Paut %
; S et - £ e s Ha'?ﬂc.:?;""
Sacramensy  Camson City e Cheyenne 5 m’mm Harrisharg . Trwnton
. Sal Lake Clav - Lincoln . i =
> i S q - Amnagpols
: Tapeka c‘:”m 3 —h m . n.él,m::l,
Santa Fo e = mmg d astrvilbe o ; -
Phoenis ] ; \ 4 Atlanes - = ‘H.Illtﬂ'iu
Jacksan d
Avstin Bn!.nnm % Tallote sode
The optimal Hamilton circuit, shown in red, is approximately
12,000 miles long. 103
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